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Stinespring dilation picture for quantum channels

Theorem

Any quantum channel L : M,(C) — M,(C) (i.e. completely positive,
trace preserving linear map) can be written as

L(p) = [i[d@ Tx] (U(p @ B)U7)

for some environment of size k (k = n? suffices), a quantum state
B € MLH(C) and a global unitary operator U € Uyy.
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Stinespring dilation picture for quantum channels

Theorem

Any quantum channel L : M,(C) — M,(C) (i.e. completely positive,
trace preserving linear map) can be written as

L(p) = [i[d@ Tx] (U(p @ B)U7)

for some environment of size k (k = n? suffices), a quantum state
B € MLH(C) and a global unitary operator U € Uyy.

e What if we do not know / have access to (3, the state of the
environment 7
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The main problem

Lup(p) = lld@ Tr] (U(p @ B)U7)

Given a family L of quantum channels, characterize the set

Ue = {U €Upnx : VB € MT(C), Ly € L)
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Given a family L of quantum channels, characterize the set

Up = {U € Unc : VB € MH(C), Lus € L}.

o If the set L is unitarily invariant, i.e.
Le L — VVLQ e U,, V1L(V2 : Vz*)Vl* e L,
then the set U, is invariant by local unitary multiplication:

Ueld, — V\/Lz € U,, VW172 € Uy, (V1®W2)U(V2®W2) cUr.
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The main problem

Lup(p) = lld@ Tr] (U(p @ B)U7)

Given a family L of quantum channels, characterize the set

Up = {U € Unc : VB € MH(C), Lus € L}.

o If the set L is unitarily invariant, i.e.
Le L — VVLQ e U,, V1L(V2 : Vz*)Vl* e L,
then the set U, is invariant by local unitary multiplication:

Ueld, — V\/Lz € U,, VW172 € Uy, (V1®W2)U(V2®W2) cUr.

e »Caut = {V : V*}VEM,, ° £mixed - COHV{V : V*}VGZ/{,,
@ Lconst = {constant channels} Q@ Lppr ={L : Lis PPT}
Q Lunia ={L: L(I)=1} Q@ Lgs ={L : Lis entanglement breaking}
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Unitary conjugations

Usue == {U € Un | VB € My (CT), Lus(p) = VapVj 1.

We have U,y ={V @ W : V elU,, W € Uy}.
ForU=V oW, Lyg(p) = VpV*.
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Unitary conjugations

Usue == {U € Un | VB € My (CT), Lus(p) = VapVj 1.

We have U,y ={V @ W : V elU,, W € Uy}.
ForU=V oW, Lyg(p) = VpV*.

Usingle = {U € Uni | the set {Ly g : B € MpT(C)} has 1 element}.

In other words, U € Usjngle iff. the channel Ly g does not depend on 3,
the state of the environment.

Proposition
We have Usingie = Usyr = {V @ W}.
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Unitary conjugations
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Unitary conjugations
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Unitary conjugations

oA

Lyvews(p) p=
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Unitary conjugations
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Constant channels

Ueconst :={U € Upk | V5 € ./\/l}<’Jr((C)7 Ly g is a constant channel}.

Theorem

If k= rn forr=1,2, ..., then Ugonst is empty. If k = r - n for some
positive r, then

Uconst = {(In ® V)(Fn 02y Ir)(ln X W) VW e L{k},

where F, € U,> denotes the flip operator.
For U € Uconst as above, Ly g(p) = [id, @ Tr,|(WBW™*).
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Constant channels

Ueconst :={U € Upk | V5 € ./\/l}<’Jr((C)7 Ly g is a constant channel}.

Theorem

If k= rn forr=1,2, ..., then Ugonst is empty. If k = r - n for some
positive r, then

Uconst = {(In ® V)(Fn 02y Ir)(ln X W) VW e L{k},

where F, € U,> denotes the flip operator.
For U € Uconst as above, Ly g(p) = [id, @ Tr,|(WBW™*).

Ifn =k, then Ueonst = Fp - Uase = Fn - {VOW : V, W €U,}.
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Constant channels
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Constant channels
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Unital channels

uunita/ = {U S unk Ivﬁ S Mi’+((‘/), LU,ﬂ(/) = /}

One has

r
Z/[unital = unk N unk»

where A" = [id @ transp](A) denotes the partial transposition of A. In
other words, U € Uypiras iff. both U and U™ are unitary operators.
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Unital channels

uunita/ = {U S unk ‘Vﬁ S Mi’+(C), LU,ﬂ(/) = /}

One has

r
Z/[unital = unk N unk»

where A" = [id @ transp](A) denotes the partial transposition of A. In
other words, U € Uypiras iff. both U and U™ are unitary operators.

o Ut ={VOW : V,W eU,} CUynitar-
@ If n> 1, then Uconst N Uunital = 0.
@ Uynitar is a non-smooth algebraic variety, of dimension nk(n+ k —1).
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Block diagonal unitary matrices

Block-diagonal unitary operators with respect to the system A (resp. B)
k
Ublock—aing = {U EUn | U= _ Ui @ e,

i=1
with U; € U, and {e}, {f;} orthonormal bases in C¥}
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Block diagonal unitary matrices

Block-diagonal unitary operators with respect to the system A (resp. B)

K
Uflock—diog = {U EUn | U= _Uj @ &if,
i=1
with U; € U, and {e}, {f;} orthonormal bases in C¥}

ugock—diag = {U € Unk ‘ U= Z eif,'* ® U;,
i=1
with U; € Uy and {e;}, {f;} orthonormal bases in C"}
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Block diagonal unitary matrices

Block-diagonal unitary operators with respect to the system A (resp. B)

K
Uflock—diog = {U EUn | U= _Uj @ &if,
i=1
with U; € U, and {e}, {f;} orthonormal bases in C¥}

ugock—diag = {U € Unk ‘ U= Z eif,'* ® U;,
i=1
with U; € Uy and {e;}, {f;} orthonormal bases in C"}

More generally, U € ug‘,ock_d,ag iff.

Uzzr:UI(X)Riv
i=1

where U; are unitary operators acting on C" and R; are partial isometries
R; : Ck — C* such that Z,le RiR = Zle R*R; = I,. Moreover, the
decomposition is unique, up to the permutation of the terms in the sum
and CU; # CU; for i # j.
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Block diagonal unitary matrices

Proposition
If n =2, then

B A
z/{block —diag < ublock —diag*

In particular, when n = k = 2, we have

A __ 1B
ublock —diag — Z/{block —diag*
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Block diagonal unitary matrices

Proposition
If n =2, then

z/{block diag = Z/{block diag*

In particular, when n = k = 2, we have

A __ 1B
ublock —diag — Z/{block —diag*

ut‘flockfdiag >U= €1 f—l* & U1 + 62)(2* 39 U2
=(leU)laff @+ ef @ (Ui U,)]

k
af ® (Z gig; ) +eff ® (Z A/g/g,-*ﬂ
i=1

=(l®U) Z(elff +Aiefy) ® gig!
i=1

=(l® U)

k k
= (/ & Ul) Z W ® gigi* = Z W @ h’gl* € Z/{t/)qlock—diag'
i=1 i=1
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Block diagonal unitary matrices

A unitary operator U is block diagonal with respect to both tensor
factors A and B (i.e. U € Upjoe ging VU block — ding) 1T

U=> > X% QoR;,

i=1 j=1

where, for all i=1,...,s,j=1,...,r, |\j| =1, and where (Q;)i=1,....s ,
(R;)j=1.....r are two family of partial isometries respectively on C" and C*
satisfying

DR =D QQ=h . Y RRI=D RR=I
i=1 =l j=1 j=1
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Block diagonal unitary matrices

A unitary operator U is block diagonal with respect to both tensor
factors A and B (i.e. U € Upjoe ging VU block — ding) 1T

U=> > X% QoR;,

i=1 j=1

where, for all i=1,...,s,j=1,...,r, |\j| =1, and where (Q;)i=1,....s ,
(R;)j=1.....r are two family of partial isometries respectively on C" and C*
satisfying

DR =D QQ=h . Y RRI=D RR=I
i=1 =l j=1 j=1

© Uljock_ding 1S 3 real algebraic variety of dimension (n > 1)
dim L{,ﬁockfdiag = k(n*+ 2k — 2).
e dim Z/le,ockfdiag ﬂb{ﬁockfdiag =2n +2k? 4+ nk — 2n — 2k.
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Mixed quantum channels

Unixed = {U € Uni |Y8 € M T(C), Ly € conv{V - V*}yey,}
r(B)
= {U € Un | VB € M™(C), Lup(X) = Zp, Ui(8)*}
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Mixed quantum channels

Unixed = {U € Uni |Y8 € M T(C), Ly € conv{V - V*}yey,}
r(8)
={U € U |YB € MT(C), Lup(X) = Zpl Ui(8)}

Uprop 1= {U € Uni | VB € MyT(C), Ly p(X Zp, YU XU?

with p;(8) > 0 and Y pi(B) = 1}
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Mixed quantum channels

Upiced = {U € Uni |¥B € MT(C), Lyg € conv{V - V*}yeu,}
k B

r(B)
—{Ueunk|VBEM LUﬂ(X) Zp, ﬂ)*}
Uprop 1= {U € Uni | VB € MyT(C), Ly p(X Zp, YU XU?

with pi(3) = 0 and ZP,‘ =1}

Uprob—iin = {U € Unk | V8 € MyT(C), Lys(X Zp, YU XU

with linear p;(8) > 0 and Zp,- =1}
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Mixed quantum channels

Unixed = {U € Uni |Y8 € M T(C), Ly € conv{V - V*}yey,}

r(B)
= {U €U |5 € MT(C), Lup(X) = Zp, XU;(8)"}
Uprob = {U € Uni | VB € MT(C), Ly (X Zp, VUi XU}

with pi(3) = 0 and ZP,‘ =1}

Uprob—iin = {U € Unk | V8 € MyT(C), Lys(X Zp, YU XU

with linear p;(8) > 0 and Zp,- =1}

We have the following chain of inclusions

A
ub/ockfd;ag g uprobflin g z/{prob g umixed g Z/{unital~
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Mixed quantum channels

L 74A
We have Uprobflm — Z’{blockfdiag' j
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Mixed quantum channels

L 74A
We have Z/{probflm — Z’{b/ockfdiag' j

Since B — pi(B) are linear, there exists a POVM (M;) such that
pi(B) = Tr(M;j3).

Prove the M;'s have orthogonal supports.

Construct a candidate unitary operator U.
Use the fact that

VB e MT(C), Lug =Ly, < IW el st U= (l,® W)D.
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Mixed quantum channels

L 74A
We have Z/{probflm — Z’{b/ockfdiag' j

Since B — pi(B) are linear, there exists a POVM (M;) such that
pi(B) = Tr(M;j3).

Prove the M;'s have orthogonal supports.

Construct a candidate unitary operator U.
Use the fact that

VB e MT(C), Lug =Ly, < IW el st U= (l,® W)D.

Proposition

_ A _ )
When n = 2, Z/{b,ock_d,-ag = U,nital, SO we have

A
ub/ockfdiag = Uprob—lin = Z/{prob = Umixed = Uunital-
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Some work in progress...

Question

Characterize the unitarily invariant sets
Uppr = {U € Un |V € MLT(C),
Ly is a PPT channel }
Ues = {U € Unk ‘V,B S Mi7+((C),

Ly, is an entanglement breaking channel }.

Obviously, Ueonst € UppT C Ugg. Is there equality ?
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The End

thank you for your attention



