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The random variable Xn

Recall that Xn is the number of components of a random meandric
system on 2n points.

P(Xn = 1) =
#meanders

Cat2n
(hard)

...

P(Xn = n − r) = ? r fixed

P(Xn = n) =
Catn

Cat2n
(easy, π = ρ)
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Generating series
I Define

Mn,r := {(π, ρ) ∈ NC (n) : dH(π, ρ) = r}

M(X ,Y ) :=
∑
n≥1

∑
r≥0

X nY r |Mn,r |

I Compute

M(X ,Y ) =
∑
n≥1

X n
∑

π,ρ∈NC(n)

Y dH(π,ρ)

=
∑
n≥1

X n
∑

ω∈NC(n)

∑
π,ρ∈NC(n)
π∨ρ=ω

Y dH(π,ρ)

=
∑
n≥1

X n
∑

ω∈NC(n)

∏
b block of ω

∑
π,ρ∈NC(|b|)
π∨ρ=1|b|

Y dH(π,ρ)

=
∑
n≥1

X n
∑

ω∈NC(n)

∏
b block of ω

Function(|b|,Y ).

I  recognize moment - free cumulant formula
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Moment - free cumulant transformations
I Put

Kn,r := {(π, ρ) ∈ NC (n) : π ∨ ρ = 1n, dH(π, ρ) = r}

K (X ,Y ) :=
∑
n≥1

∑
r≥0

X nY r |Kn,r |.

I The series M and K are related by the moment - free
cumulant formula

M(X ,Y ) = K (X (1 + M(X ,Y )),Y ).

I Using a similar reduction and a Kreweras complement, we can
go deeper: if

In,r := {(π, ρ) ∈ NC (n) : π ∧ ρ = 0n, π ∨ ρ = 1n, dH(π, ρ) = r}

I (X ,Y ) :=
∑
n≥1

∑
r≥0

X nY r |In,r |

then
K (X ,Y ) = I (X (1 + K (X ,Y )),Y ).
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and let M,K , I the respective generating series.

I If F is the operation transforming free cumulant generating
series into moment generating series, we conclude

I
FX7−−−−−→ K

FX7−−−−−→ M

I Morally, the sets In,r should be easier to enumerate...
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Key technical lemma

Lemma

For fixed r , the series I has finite support in n. More precisely,
In,r = ∅, unless r + 1 ≤ n ≤ 2r + 1r=0.

For r = 1, I2,1 = {( , ), ( , )}, and all the other In,1 are
empty.

Figure: All meanders in In,r=2. We have [Y 2]I (X ,Y ) = 8X 3 + 4X 4.
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The main theorem

Recall that M
(s)
n = Cat2n · P(Xn = s) is the number of meandric

systems on 2n points with s components.

Theorem

For any fixed r ≥ 1 there exists a polynomial P̃r of degree at most
3r − 3 such that the generating function of the number of
meanders on 2n points with n − r components

Fr (t) =
∞∑

n=r+1

M
(n−r)
n tn =

∞∑
n=r+1

P(Xn = n − r) Cat2n t
n,

with the change of variables t = w/(1 + w)2, reads

Fr (t) =
w r+1(1 + w)

(1− w)2r−1
P̃r (w).



Exact results and asymptotics
With the help of a computer, we can enumerate In,r for 1 ≤ r ≤ 6
(we just have to look at NC (≤ 12) to do this) to find

P̃1(w) = 2

P̃2(w) = 4w3 − 12w2 + 4w + 8

P̃3(w) = 18w6 − 92w5 + 134w4 + 8w3 − 146w2 + 52w + 42

...

Corollary

For any fixed r ≥ 1, assuming that P̃r (1) 6= 0 (this holds at least
for 1 ≤ r ≤ 6), the number of meandric systems on 2n points
having n − r components has the following asymptotic behavior:

M
(n−r)
n ∼ P̃r (1)

22r−2Γ((2r − 1)/2)
4nn(2r−3)/2.

Equivalently, P(Xn = n − r) ∼ cr4−nn(2r+3)/2.
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