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Goal reeaiecff.gebilniobgofsfnP0evgMsinQ'T
Inclusionoffreespectrahedra 44k
Inclusion constantsfor a

Compatibilityofquantummeasurements
quantumstates densitymatrices fend p o andTrg I

I PSDorder
measurementresultsinQM are random

measurement apparatusf produces an outcome
quantumparticle ie fr 2 ikinstale 5 with probabilitiesCpr Pe

Pi 30 Epi 1
Definition A h valuedPOVM is a h tuple ACAN Aa CMd

h suchthat
k

AiZo ti and AiId Whenmeasuring a gstateg withA we obtain
i

outcome i withprobability pi TrfgAi
Example h 2 A E I E for some OE E EI E is called a quantumeffect

co 3 Is 3 El 3 Efi i3 C'se EI
1001 1111 I1 1 l X1 T

outcomedoesnotdepend
onthestate

compatibility can two Pours A B be measured at thesame time

DefinitionTwoPours A B are said to be compatible ifthereexists a PovM C
called a jointPoumsuchthat itquantumstate 5 the probabilities p Tr Ai

and g ItrBjp can be obtained as classicalpostprocessing of r Tr c g



Hi fCig Ai TFact A Bcompatibleif I Cij30 ieEkjefesit marginalsofCV j Icij Bj 1

TwoeffectsE F are compatible if 3XuAzXz72230set I e
a n
F I F

Thiscanbegeneralizedto g tuplesof POWs Ac Ac A are compatible if
CF C Cia ig s.t.tn 3 tfCfkn Alf i in im in in J int is

allindicesbut the n th
Examples AeCanI aeI and B Cbi bei are compatible Cig an.bgI

4theseare calledtrivialPovMs

If Ai Bj3 0 Vij A and B arecompatible

take Cig AiBj Ai BjAi 30
683,1873 and Iii Ef i are notcompatible

x
yesXu Xu X.io sameforalltheothers

u

Hii
Fact Pours canbemadecompatiblebyadding noise i e mixingtrivialPOVMs

whitenoise
E I E 1 sCE I E K s E E o E ts SE E DIz

Proposition Givenanypairofeffects 0E E F E Id thePOVMs E I E ICE z
and F I F ICE E are compatible

J A E
measures 2outcome
POUM E I E

flip acoinHIT

f f no relationto
quantum donning

theprocedureaboveis equivalent tomeasuring atthesame time the noisy

effects E 12E I E and F F Iz
C 14 Etf Gz 14 Et I F jCz 14 I E F i Czz 14 I E I F



DefinitionThecompatibilityregionfor g effects inMd isthe set

Tcgd sefoD8 KeffectsOEE EgEID SiE G si are comp

Facts 0 O r o o E T g d measure En Id En flip acoinfortheothers
position n

T1gd is convex In particular 1g i E TCgd

g 2

r 2 d is a greatercircle Hd

Goal compute 1Cgd forall valuesofg d

ofPovMs Hilbertspacedimension

Freespectrahedra

Definition Aspectrahedron is a set

definedby a linearmatrixing
g

SEf KE1129 I Xi Ai E Idi i
where A AgEMsd E POLYHEDRON SPECTRAHEDRON

spectrahedra are convexand semialgebraic
x Pj x o j n J feasiblesetofLP feasible setofSDP

Examples setofdensitymatrices
the elliptope correlationmat

d
KEIR I Ig o s R PsDd



Definition let ACMsfc GThefreespectrahedron at level u is the set

DACn f x c MECd 8 2 Ai Xi E Id
The freespectrahedronis the unionoftheselevels DA µDaCn

g
Example the matrixdiamond D gCn XEMnsa 8 EEX E In f EefI138is

Forg 2 this canbeobtained

from Andiagfi 1 n r

A diag n 7,1 e

Def Anoperatorsystemis a linearsubspace EM Ad s t I C and L Ltis

A linearmap L Md E iscalled n positive if Idm Mn L MnMd
is a positivemap Ioiscalledcompletelypositiveif it is n positive knew

Theorem HeltonkeepMcCullough133 let AE 8aCaD9BECMdsaCeD9s.tDacs isbounded

Theunital linearmap span I Ar Ag Msd E givenby Ai Bi field
is n positive iff DaCn E Bcn Inparticular is CP iffDAEDps

Proofidea let be n positive and X CA Xg EDaCn Wehave

0 E toxoid I Ai Xi I I Bi Xi X E Bcn

ObviouslyDAEDB DACA E DBcs Howaboutthe reverseinclusion
Definition The inclusionsetforthematrixdiamond is

Dcgd fsEEo.DSitBE dsaCED8 Dp.gCDeDBCD 3sqDg.gEDB
Gin sgXg

FactsaboutDcgd

HeltonKlepMcCulloughSchweighofer 19 Id n r E DCgd
PasserShalitSolel 183 QCgi fs.co139 2 s E l E Dcgd

quarter circle



Connectingthetwoproblems

theorem Bluhm N 19 let EcMICE 9 be a g tupleofselfadjointmatricesThen
1Dag s cDzeICH iff En Eg are quantumeffects levels

2 D g EDze I iff En Eg are compatible freelevel

3 p.g n EDzegcn for need iff t isometry VGm Ed the
interm

compressions V E V EgV are compatiblequantumeffects eevee

we also have 1Cgd D g d

Proofideas

level 1 considerthe extremepoints 1 e of thematrixdiamond
I ei E 2e

s I 2Ei I c I E e Ia d E E O i.e Eieffect

Freeinclusionholdsiff the unitalmap
I
i 1
f 9 i 1 2E Id is completelypositive

Arneson'sextensiontheorem has a CP extension to ICE
G29 is a commutativealgebra OI CP IT is positive
Considerthe following basisKyofCleword

7cg E Hep 30

Xy ET xy is ajoint POUMforEa EgIffOEpositive

Whatis knownabout Tcgd Dcg d
QCg f se fo r39 II s e t ETcgd yd

topregion thereexists a g tuple
ofmaximallyincompatible effects
bottomregion cannothaveequality
becauseof EdCr DETcg d

central region open



Maximallyincompatibleeffects Pss183 usefamiliesofanticommuting sa unitaryop
For D 2hthereexist2h11 suchoperators inMdCt Newman 32

ox ft Ty1 J Tz If I
FY e Tx F eog i fY Gz
Fl I f k tie 2h11 F I Ize i FCLI Tz Izer

Generalizations

we havediscussedcompatibilityofquantumeffects i e 2outcomePoWs E I E
elementsofthematrixdiamond can be seen as incompatibilitywitnesses
in thegeneralcase we havePoms Acn with knoutcomes
theTheoremholdswiththematrixdiamondreplacedbythematrixjewel

a at level 1 Dg ie egift DgftOt DJ k 11
whereDg q s is isomorphic to a ChD simplex
and Ot is thedirectsumof convexsets

K Kz Gnu4Cx o KE k u Coy yeKz
nottobeconfused with K Kz f Cz y Deeks yE ke

extendthis to thefree level DgEi Dge Dskg
the matrixjewelhasfewersymmetriesthanthediamondManyclassical results
donotapply
wehaveveryloosebounds basedmainlyonsymmetrizationarguments or on

QIT techniquessuchas quantumcloning forLB
incompatibilitycriteria for us

theTheoremalso holds in verydifferentsettings such as

compatibility of quantumchannelsworkin progress
gpts generalizedprobabilistictheories

min and max tensorproducts tensornorms


