On the number of components
of random meandric systems

lon Nechita
(CNRS, LPT Toulouse)

joint work with M. Fukuda
— and —

Alexandru Nica
(University of Waterloo)

joint work with |. Goulden, D. Puder



@ Nug/w\\g.z\(‘ O"g—- QOM\(DOMM/’Q‘S

@{— A O A A S%Sﬁaw\&”

Notatiom . N Clm) = Seb of alR Mom- CroSsime
Pc\\(‘tiﬁa‘omg £ {\)...)N\'j

® NC (2_/\,\) == Cpk- G;@ al L /Y\O/Y\—-C_\fOSS/(fY\g
/Pou(\(*-—-»()a\\(‘t/{ LAoms G—:@- {\)...) 24/\}

© Have \N‘C(NQ\ = \\\TCZ(QAQ[ — Cat — QZN\)!

S Y (O \

(m-t& Catalon /V\M/w\\a—@(\>

o Yo 2verw (%) ¢ N‘Qz(q_,y\> = wWe Cam Reawms g

N2 o KRR ¢ %SEQNV\\ OLQrv\ojCeO( as Mo‘\g
, .




[.2 &
2.
<()_‘) @)6 M‘C2‘<2/\/\) NP ML e R Skastﬁf\/v\ M

D enste :\:&1<M0_l_é> = Maambee o Commmna oA

Co o
/\(Y\_? Mm}%s G—:e_ M@l‘é

g

\ A N8 g~ KA S%Ste/\’\’\ O 4o /PO/\MJ(‘S‘



2.
<Oj @)6 WC2<ZM> NP MR en~ Rl Skart{/w\ A
e

D enste :ﬁ:<Mo~z> = NMuambe~ o«,@ Conmnmected

W O Mm@ P A ™M
Np e__g_ G\Iz

Ge N CZ(?_fm)

i

Qg N GA~ KA c S%S'tefw\ O 4.0 DLoants

whieh fas 2 Comme cte o “O A PO ek



2.
(67 @)6 N_CZ.<2‘/V\> NP AR en~ ReA e Skastﬁx\,v\ M

S &

—_—

D enste :\:\L:Q\/\QZ) e e'aVOWIN TV O’—@ Connme e f

Co
NP O MR pa A ™M
eﬂar S\ 6




‘\zd
2. .

e ——

Demste ‘—\:-*\:<\V\O,‘_é> = AMamben- 0“—@ Comaneced

Corw\goMm;Q‘g £ MG‘"&
l

— G e N_Cz_(2_~\>




A i~ Antece g thfmxg SR TurA~ce @@ Vandoma vara e b -

- \ B
XN\‘ WCL(Q_N\) 7 ‘{\)"‘)M} )(Xmg'ﬁ‘}g): H(M g)\

Ry

'\—\O\VQ S G-V IV \Q\(‘o\/a/CQNV\ alsout

POCa) o (OB eV ] (M y=1 Y|
Cat % ’

0S lex ; \
8 FETIN [ ?('szn—l/“ g 4

)

\

—e—ee

\

%

>

/ Airrnit \oelioved Fo exast \\

| Mot eg %:V( o~ V2 2l

N - L Cs /‘iv

SR S

—




‘\/\\Ac/e\ NNove. \Sa e C\ow—t also @QQN\> 6(2{”(); ?

(O\o\u‘owf'- /).SEQX/\N» < m V‘M%N)

COM‘&&C}Q‘Uvr«Q L Qe €K

Moo A

AXASEs A s w023
S W—

,/\\‘ N4 5

Ca/\/\ Q‘(‘O\/e L

| Feorem~ A ( Gowldem-—Nica - PCuder arXin: l?{—oa.os‘\gg>

A’W\ Al < %:i"’o 2 O\F

v~ —2.0




‘@ g%"*‘\/&@sz Leoamnework t Hasse Lagvamm of NC(m)

THis 4As am wmndi re cted CX/‘G&@/@ aAssoc g Cek o

e P L el ocre b~a veverce vefine maen
O N C(m).

Vesrdices of guraph A NTO)
Cdoe s of S A~ Row om anm 2 xonnele

For TR eNT (W), will easte

OQH (T\—\§> 3 = %QOo(Q‘S&C AL 'EC\’V\‘-( behw 2o T amd £

A e Hasge OCC(%\/‘CL/\N\ sf NJO (N\>



E R ple: £he Hasse Magram o2 NC (4)

@

CODLO®E



Exammple: the Hasse Magram o NC (4)







Fachs <’_4_-J Ome ~as a matural bijectiom.
N T 3T r— s e NC, (2D
whee 5 Ag ca Qe e fattemime of
(_&)[Rgg\,\&% o€ RNall, Savake, Q_oog]
LeX TN ReN Q) A &£ &, e€NCT_ (2n) be
A de A«%kam/\gs o T amdA K. "VARen

L) = e (e |

|
|

Co/v\S&ct«Qm @ The ov XM /»(-{O/w\ Cavt T Has
GQXAA? = i - 6(\(/\/\))

W %\(N\ N C (’*’\)2_""; s LR P ’“”“3

TAlT8) = &, (7 9)




, )
lL (K >"‘ N\—E(\f) ‘v‘N\GN\

TRe ComjecX wvre alsoust C(X,.)D) Hon e comueg -

COMS&&%(Q/: Liwn €0

M D

RxA ks amd A¢ a2 O B

A2

B AYS \F&IQG\'QQOK Tt covenm A \’Q—QQO/\N\QS :

) Feorem A Lirm kvt € )

<




Ex ot The Comstamts Am N Provenm 4f

(o AW
\QM,\:\._)::L > O.S’) 4@0&0\/\15“ QG\?C% '%FOM»\ “H’\-(

N
e

%\Q——&@wm %4/5/\/\/\’\’\/\’-7%\[\"5, ‘91@ e Hasre d&ck%\f‘a\fvv\ ¢

Qor R, me N ok ™, Q¢ M_QCN\>) Ormze Ras

K«ew&xfﬁq\ A ‘6”‘-;‘“ (&d\
Comipletmg mt- of S ) @:Q/
&\My /
S\A oveyr Tv
A o _
NEGE o E(\(N\>7’Y\‘)%N\€Q\T




%r \QAM« 3w = Q\(""v < 0,9 we WwWS8=e o AAJ&V% R A o Al
M=) o0 N~

VAo Yo ,{m,qctuxo\ﬁihg

)

dg“ﬂ%) < T g—- L\ T v g) (_-—_ OQH(TV)TVE>+OQH<TVE)R>>
Aol de with equality oA :
\_Ome %T,g AS A~ /&./Y\,t*Q\(\\/Q*Q"Pc\\f\t_&-e’\“DN\‘)

Henn ce ECr e ECir) + Tlis) - 2¢( Ve

T 7
= N+ A A |
= ol - — -~ 2,6(2,‘,\>)




ECN) € mea-2E(Z,)

U,

M= so oy <A - 2 Q/\/w\ m)
M2 oo N~
(= — VL —S B
L2 > = 2B spn
/ Ve T & —27

\
& \0\/5 | ?roQoS/{’t/CoN\ On. € (zm>”
k\:\}f& TCeam~ om E’QO\CJ(&\DOQ\[‘d

L(( T = 2.\4\592 w

—_

S— e




€D

Lermmad, M€ O € Livsar watl (=

)

[\ AQ&NOQJ,\ <o Progoscb(o/v\ o ©T(Z 3 VA & '\>OWQ¢3
(

| LA U (&%) = 2;< ,\F‘"(—X"\w%’“e CT flay,

Po/@a,v\o reA gl
An~.

( BU ' BU
! é(t~——5—t-:"\)+ == XS 3
!/’\— 4
(U e ——

\

Rooaf Tuke D o

———

S€ 0 e AN 'EC)\Q %J\MC/%\ON\CL/Q &iu\c\'ﬁf(o/\,\ J\Lcr ’&’ﬁ{
R~ anms2ocan s:ﬁ @JQ thean do Switalle e\é%guq, O




/
(®) = M_(p) 4 ZOME @

L=a

—_—

(‘-&

/‘H—M(“\(%




(3

\ L 2 ammma 2, e @OXT—=> € wethe (g™ caxj;) e BT

\

T Ao~ ]@@\{‘ Q\/«Q\Fuér T O o A e N we Aave

D€, |-
\ (XY = 2 S
e o~

-

?\roo;e, To Uows Leonm e Rxplicit HLas ampbiom of The

dree vurmuLoats =L M givenn by Bianie—Bah ovmoy 2014, O

o M Leamma 2. we ey U(€\%>:Z <7 ’tm—vgg>:g\
)

Atnnce — —_— i TBGWC(A\)

/ T
S0 e

Qéaﬁ oY
DE

N ——

=2 (2 virve )2~ |

- Eﬂ&ewqm) / \

-1

k=4




3.4
o l\& G’{L \._J{/\N\NV\G\ 2. we olfeined C

QH () = M @+ =M™ M@
\\,,, %‘ o _/L_j; (_\:\_f’\ ( %) J, //

- ES (%Mr(ﬂc)
= £+ =L Ao £(2) = Z—_C«w 2

\

CS \%M\&f 6o€&Q§ ,ec\r‘ COQ’Q‘Q\ q@

———:/_M\ e U —— e p—
@0 B @ = T (G ez )
\ e NS

Wihern conmparimg €he VAghA-hamd Kes o (%) ame (%)
oz 82Xs & 4ovcrmula dov B(Z,) whid Lads e chated

s & W




The random variable X,

Recall that X, is the number of components of a random meandric
system on 2n points.

#meanders
]P)(Xn = 1) = T (hard)

n
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The random variable X,

Recall that X, is the number of components of a random meandric
system on 2n points.

#meanders
]P)(Xn = 1) = T (hard)

n

PXp=n—r)= 7 r fixed

(easy, ™ = p)
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Generating series

» Define
My, = {(m,p) € NC(n) : du(m,p) =r}
=> 3 X"Y' My,
n>1r>0
» Compute

Y) = an Z y dH(m.p)

n>1 m,peNC(n)

— an Z Z y du(m,p)

n>1 weNC(n) m,peNC(n)

TVp=w

DV | B JRRET

n>1 weNC(n) b block of w m,pe NC(|b|)
TV p= 1\b|
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Generating series
> Define

My, = {(m,p) € NC(n) : du(m,p) =r}
M(X,Y) =D XY | My, |

n>1r>0
» Compute

MX,Y)=) X" Y ydulme)

n>1 m,peNC(n)

— an Z Z y du(m,p)

n>1 weNC(n) m,peNC(n)

TVp=w

DU | D RELE

n>1 weNC(n) b block of w m,pe NC(|b|)
7T\/p:1|b|

= ZX” Z H FuncTION(|b)|, Y).
n>1 weNC(n) b block of w

> ~ recoghize moment - free cumulant formula
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Moment - free cumulant transformations
» Put

Knr :=A{(m,p) € NC(n) : 7V p=1,,dy(m,p)=r}

KX, Y) =)D XY [Kayl.
n>1r>0
» The series M and K are related by the moment - free
cumulant formula

M(X,Y) = K(X(1+ M(X,Y)),Y).

» Using a similar reduction and a Kreweras complement, we can
go deeper: if

Inr:={(m,p) € NC(n) : 1 Ap=0,7Vp=1,dy(m,p)=r}

IOGY) =)0 XY |
n>1r>0

then
K(X,Y)=1(X(14+ K(X,Y)),Y).
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Moment - free cumulant transformations

» Recall

Mo = {(m,p) € NC(n) : du(r,p) = r}
Kn,r = {(777p) € NC(”) TV p= 1”7dH(7T’p) = I’}
Inr ={(m,p) € NC(n) : m Ap =04,V p=1pdy(m,p)=r}

and let M, K, | the respective generating series.

» If F is the operation transforming free cumulant generating
series into moment generating series, we conclude

[/:fx K:fx,l\/l]

» Morally, the sets /, , should be easier to enumerate...
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Figure: All meanders in I, ,—». We have [Y2]/(X,Y) = 8X3 +4X*.



The main theorem

Recall that M{*) = Cat2 - P(X, = s) is the number of meandric
systems on 2n points with s components.

Theorem

For any fixed r > 1 there exists a polynomial P, of degree at most
3r — 3 such that the generating function of the number of
meanders on 2n points with n — r components

o oo
F(t)= > M e = > P(Xy=n-r)Catt",
n=r+1 n=r+1
with the change of variables t = w/(1 + w)?, reads

Wr—0—1 w) ~
Fi(t) = (1—(;);1)’%(””)'



Exact results and asymptotics

With the help of a computer, we can enumerate /,, for 1 <r <6
(we just have to look at NC(< 12) to do this) to find

151(W) =2
Py(w) = 4w® — 12w? + 4w + 8
Ps(w) = 18w® — 92w® 4 134w + 8w> — 146w? + 52w + 42



Exact results and asymptotics

With the help of a computer, we can enumerate /,, for 1 <r <6
(we just have to look at NC(< 12) to do this) to find

151(W) =2
Py(w) = 4w® — 12w? + 4w + 8
Ps(w) = 18w® — 92w® 4 134w + 8w> — 146w? + 52w + 42

Corollary

For any fixed r > 1, assuming that P,(1) # O (this holds at least
for 1 < r <6), the number of meandric systems on 2n points
having n — r components has the following asymptotic behavior:
_ b,(1)
M= ( 4np(2r-3)/2.
n 22r2r((2r —1)/2) " "

Equivalently, P(X, = n — r) ~ c,4-"n(r+3)/2,



Thank you!
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