
 

QUANTUM CHANNELS

Pure and mixed quantum state

Recall a
pure quantum states

14 E ed 11911 1

A classical states basis elements
107,11 e 02 qubit

non classical states
1 7 107 11

superpositions

1 7 lo 11 ofpurestates

mixed quantum States
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positive semidefinite

eigenvalues o

pure states g 14 41
s maximally mixed state

g Td
qubits Bloch ball

g It XXtyYtzZ
F x y 1151141

purestates Blochsphere 11711 1



Purification Any mixed quantum state can be purified
into a bipartite pure state

S I 4

A A B
mixed pure
singlesystem bipartite system

The partial trace operation
Assume that Alice has a g state fa and Bob
has sis Then the a state held jointly
by Alice an Bob is

SAB SA SB

Definition If Alice and Bob have a g syst
gas then Alice holds the quantumsyst

SA TrySAB
where the partial trace operationTrp
isdefined by a B

Tr XO Y Lid Qtr XOX X Tr Y



Examples Tr I Xi Yi E Xi Tr Y
linearity

Tr ga fB TA IE JA

the partialtrace operation is the inverse
of the tensorproduct operation

far W I RX RI maximally entangledstate

us ta Eli is
w Ir CRI Fa I Iii FaggD

I É t.FI jjl fIg lixjialixjl
So Tris w Tr ta I I iXjl a lixji
I Ig Trp lixjlo.li xj 1

L Ig lixjl.fr
g gnifijoifitj

I I li Xi l told
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partial trace as the adjoint of OIB

Tens Md Mda MdB

X X Q IB
what is Tens

Hit Tens X Z X Tens Z

X P Q TensBX Po Q X Tens Paa
11

X Q IB PQ Q

X P

FI
X P Tr Q

K X Tens PQQ X P Tr Q X P Tr Q

Tens PQQ P Tr Q Tre PQQ

Purification

Fact For any mixed quantum state fa there
exist a pure state 14 as such that

Pa Tr I 9 XY as

The pure state play is called apurificationoffa
Example d as is a purification of sa Ild



Proof let Sa be an arbitrary mixed state

Sa is PSD hence self adjoint hence norma
use spectral decomposition

f I Xi lai X ai t
t t

eigenvalues eigenvectors

ga is a g state di o E di 1

Idea use the spectral decomposition ofPA
to construct the Schmidtdecomp of 147s
14am I Fi Lai QI bis

where Ibe Iba is an arbitrary
orthonormal basis of ad

above we have the Schmidtdecampoften
Ji o I di 1

ai t o n b of ad
bi a

Let us check that 143am is a purificationof fa
Tr 147241 5 Fig Tre laixajloxlbixbjll

jfisjlaixajl.IE i o.j tj



Quantum channels Definition andmotivation

Recall Time evolution for closed isolated single g syst
unitary operators

g Ug u

14S U 143

what if we want to describe the time evolutionof
Alice's g syst which is in contact with another

9 syst Bob's

Definition A quantum channel is a linear map

E Md Mp satisfying

I is completely positive CP

km Of a idm Md Mm MyMm
is positive
T
if X so thenfooidn G 30

OI is trace preserving
X Tr OIG Try

we say that a q channel is a TPCP linearmap

Remark A CPmap is in particularpositive
X 0 3 X 30 So

densitymatrices E Ldensitymatrices



i e q channels map g states to g states

Examples

closed unitary evolution
Eu X U x o is a q channe
whenever U is a unitary matrix

TP Tr Eg Tr
XEL

Tr X

CP X E Md Q Mr X 0

doo idn x du II x

I x

VEI x U IT
p

o

sinceunitaryconj
doesnot change eigs

depolarizing channel

D Md MD

x Fr x Is
T P Tr Dex Fr x TI Trx



CP OSX E Mg a mi
D a idm x Q Tr x 30

Tosince X 0

Partial trace operation in coordinates

A Q B
a B arm B

z 14
E'm

J E Mm EMn

Zij E Mn

Trm Z Z t Zzz t t 2mm EMn

sum over diagonal blocks

Trm Z Tr Tr
Z.im EMm

Tr Zm Tr Zim
matrix of traces

dephasing channel
d 2

Md Md
x diag x 9 7188



A non example the TRANSPOSITION map

0 Ma Md
X XT

d is linear TP Tr XT Tr x

of is positive X o Tao

has the same
spectrum as X

In particular O maps g states to g states

however O is Not completely positive

consider d 2 n 2

T ozonide w

T
maximally entangled
state of 2qubits

d 2 Ird z I 1003 1117 121

I
r Coo id I 33 3 5 18
r n i Y x



In particular t has eigenvalues
i u Lik u f n n 3 r o

as is not completely positive

in particular O is Not a g channel

Examples for qubits
unitary conjugations no rotations u

of the Bloch ball
o depolarizing channel

f It xx y 4 22 E
Bloch ball center
F x y z É o

dephasing channel

g It xxtyyt ZZ to diagly

L
1 2 Ktiy
x dy e z off

HZ O

O e z

F x y Z to F Co O z

Ef



transposition map

get
htt atty J If

atz x iy
x ing e z atty n z

F x y z to R x y z

no it is a reflexion wir t X z plane

Structure theorem for quantum channels

A q channel is a TP CP linear map

Md MD
TP Tr 0 x Tr X F X EMd
CP Am O O id n Mda Mnt My Mn

is positive

recall 4 is positive if X o 4K o

Theorem let E Ma Mp be a linear map
The following are equivalent

r E is a quantum channel
14 The map Eaida is TP and positive



131 The Choi matrix JCI is PSD

and Tr JC E Id

4 Kraus decomposition there exist
An Az A EMp xd such that

04 É Aix At and ÉAtti Id
s Stinespring dilation there exists

an integer R and an isometry
v a d e Q ER such that

Cx id tr Ux Vt

The Choi matrix of a linear map Md Mp
is defined as follows

Mondt JCI Gaida d wa

L aida EI lixjlolixji
D

EEE IIE M

Examples of Choi matrices

E Mz Mz identity channel



JC E Cidg id 2 W 2 WE

L
Di Mz Mz depolarizing channel

J D Daa id lolol 10 01 t
loXel Q loxelt
InXoI Q A Xolt
in yet a 11 11

Iza I oxol t I E I exit

IE E

Efx
I I Iz I Iy If

an isometry V 6h 6 with the

property that K x e I II use11 1 all

in particular if ken isometry unitary

equivalently V d a isometry
V V In

Remark The integer R 1 appearing in 4 5

is called the Kraus rank of I



Moreover R rank JCP

Examples

identity channel id Md Md
x x X

J id d E maximally entangledstate

id X X I X It
R 1 and A

Kraus decomp

id X X idg id I X It

v ed ed a ed
X X Stinespring decamp

depolarizing channel D Md Md
X Trx E

J D t Ida Choi matrix

Id Id

DCA I I IiXj l X AixD
no R d Kraus operators

Aij ta li Xj



I Ij lixjx.jxil tj.ci xljllixil
taElixiB
E5EME

Ctr x Ig
the dephasing channel d Md Md

X H diag x

0 x diag x É IiXi l X Gi xil

no R d Kraus operators
Ai lixil

Elixir x

gyp E likelixil

I Effilixil diag G

Remark Stinespring decomposition n open
9 systems

g input ga Initially far fa lolol



Atb undergoes a unitaryevolution
SAB U AB U U Al oxobO

Alice's new state is

PA Tr Tars
From Alice's perspective

PA to Lida Tr 90 10 0
B U

IGA
this is the Stinespring dilation of E
with the isometry
V Of ad q Rt

Bob's dim

Alice'sdimension
x to U X Q 107


