
 

QUANTUM EVOLUTION

Recall to a quantum system we associate
a Hilbert space rect space with an

inner product
H ed d dimension

of degreesoffreedom
thestatesof a q system densitymatrices

S EMdad f 70 and Trg i

STPSD positive semidefinite

eigenvalues off 70

pure quantum states rank 1 dens mat

g IpXp1 with peed letts
sometimes we call y the pure state

of the q system

Axiom 2 The time evolutionof a closed g syst
is describedby a unitary operator

g U g U densitymatrices

14 U 14 pure States



Physically the time evolution unitary operator is
defined in terms of the Hamiltonian ofthe system

U exp if I
T
energy observable

t time g at t o no g att
147 att o o ly att

Schrodinger equation

in 4 H14

Recall A matrix UE Maad E is called unitary

if t Feed Il vill Ili'd

Equivalent characterizations

U is unitary 11 bill kill tread
UU U V Id

a

tepui E E tinted
E U Vi T II 7 T E

since AI I L I A y
recall At

ig
A ji

A A T



Examples

identitymatrix Ia j
o a diagonal matrix A diag ar ar sad

is unitary if andonly if lait n ti

A'A diag ai diag ai diag lait

a non example Od 00 0 I

Hadamard matrix Hadamardgate

H t it EM Ca

H H so H'H H 11 2 3 I

let us denote by 107,117 the canonical

basis of the qubit Hilbertspace107

tight
Bloch ball

H Io 1stcolumn of H Il 102 117 1 7

H 117 2ndcolumnof 4 1,11 I 107 117 1.7



Pauli matrices are unitary
x 9 4 1 2 1
x 107 9 11

x e f to
So X is the quantum
analogue of the NOT
operation from logic

Y lo I i le

411 I i lo

Z 107 107

t I e in

so Z introduces a

phaseof I in
front of 11

let us check that these matrices are unitary
X X y Y Z Z
the Pauli matrices are self adjoint
x x x 181

Not o Not identity



Eigenvalues of unitary operators
U U U ut I U is normal

we have a spectral decomposition

U V D V

where U is unitary
D is diagonal containing the eigenvalues

Then U V D V

I since D is diagonal
U U V

DIED
V V D V

where D diag til

if D diag ti
t eigenvaluesofU

So I XD v
multiply with V fromthe leftand
with V fromthe right

KEY IED II
DEI

lil 1 for E 1,2 d
The eigenvalues of unitary operators are
phases complex numbers of modulus 1



Examples H is unitary self adjoint
eigenvalues are either ti or 1

Tr H 0 eigenvalues are land I

the same applies to Pauli matrices

X 1 7 196 Closets
L in t 103 It

eigenvalues eigenvector H
x 1 1 7

eigenvalue l eigenvector 1 7



QUANTUM MEASUREMENT

Postulates of Q Mechanics

Hilbert space each g syst comes with aHilbertspace
Head

States of a g syst densitymatrices

geelld e 970 try r

pure states 9 19 61 for geed 11911 1
time evolution unitary matrices U'U UU I

g Ugo I p 01ps

quantum measurement

Definition A measurement device is associatedto
a self adjoint operator acting on H
called a quantum observable

Ae MdCa A At n A is normal

spectral decomposition
A É Ri

t
eigenvalues eigenprojections



when one measures a system in state g
one obtains one of the results dada da
with probability

I observe to Trg Pi
The result of a quantum measurement

is random

Example measuring in the canonical basis

H 62 a qubit
A 1 IoXo I t 2 like I

no 2 outcomes 1,2

The labels ofthe outcomes the eigs
of A do not really matter

B 5 loyal t l exit

A and B are basically the
same q observable up to a relabeling

of the classical outcomes
what is important eigenprojections

If we measure a g system in a

state f E MzCa



I observe a J Tr fg loxol
o lg 07

I f observe 2 Tr f g level
1 If 117

if f I It x Xt y Yt ZZ

Bloch ball representation

f f f
it Z

x y EI's
I a J olg lo att

II 2 11g 17 2 e z

note that I Hz r z 30
and 12 it E 1 2 7

it is a probability mass function

importantly we have measured A
but we could have also measured

7 2 A loxolt C e like L



if we measure the X Pauli matrix

X X 9 1 I ED I 7

Clo ties Facio in

if we measure X on f
IC a J To g Itxtl lg It

I Cole lost coffle a lglo t

calf 117

I Atx

II n I 12 i x

similarly for Y

II In 12 ay
if we measure Z on g txt

I n o if 10 o El o

I
I 1 11g e

When measuring the q observable Z on

a g syst in state g ltXtl we get the
outcomes In with equalprobabilities I



if we measure Z on f l oxo l 88
IP n Co lg107 1

I i r lg 117 0

In this case the result of the q
measurement in NOT random

similarly if 5 11 11 189
II a J Cole o o

I 1 I Ce le la 1

Here we alwaysget outcome 1

Fact If we measure an observable A on a

quantum system is state g Rk of rank 1
Pa is an eigenprojector of Al

the outcome will be k with prob 1

Proof
A E ti Pi a Pi are orthogonal

Tr PiPj 1 0 if it
II outcome i Trig Pi

Tr Paf 1 if i k u wealways
0 if it k obtain outcomek


