Classical vs Quantum Information Theory

#lectures

Sets vs Hilbert spaces

Finite alphabet Finite dimensional, complex Hilbert space
Ya={1,2,...,d} H,=C%=span(|1),[2),...,]d))

Different letters ¢ # j Orthogonal vectors z L y

States

Probability distributions  Density matrices p € D(#H 4)

p€P(Z4)
p € Résuchthatp; > 0and p e B(H4) =2 My(C) such that pis p > 0and
>pi=1 Trp=1

Classical states can be embedded as

Extremal points: Dirac masses Extremal points:
extP(X4) ={d : i € 4} ext D(H ) = {|z){(z| : z € Ha, ||z| =1}

(real) dimension: d — 1 (real) dimension: d? — 1
In dimension d = 2: In dimension d = 2:
A segment [0,1] The
(1 —p)do + pd1
(I +zox +yoy + zoz) with ||(z,y,2)|| <1

| =

p:

Pure states have ||(z,y, 2)|| = 1

The uniform distribution The
11 1 I d
P:<E,E,---,E> p:Fd:Zﬁ)(i\
Bipartite and multipartite systems
Joint system: Joint system:

X &

Tensor product of operators



ZABZEA X EB
:{((E,y) :

z€ X andy € Xp}

Bivariate probability distributions

ZPABwy )=1

PABQUZ/

Product measures
PAB =PA X DB

Every state is a convex combination of
product states

baB = ZPAB(%?J) : 5:v X 6y
7y

Marginalisation: given pap

)= pas(z,y)

a1 B appB aB

a21B  a2B asmB
AR B=

a,1B  a,0B Ay B

Hap=Ha®Hp
= span{|z) ® |y)}

where z and y index bases of H 4 and Hp

Bipartite density matrices

pap >0, Trpsp=1

Product states
PAB = PA D PB

There exist
combinations of product states

pap =Y tip}) ® piy € SEP(4, B)
Pure state example

%(IOW +101)) = 10) ® —(|0> +11))

3
Mixed state example
Iy Ip
P= Tm#H, © dmH,

The :Hs=Hpand

Q

) = Ny ZI

w =

1 N
== >l
i,J

In dimension dim H 4 = 2,

1 0 0 1
110 0 0 O
w=—
210 0 0 O
1 0 0 1
1 given pap

= [id® Tr](pan) = Tre(paB)
= [Tr®id](pap) = Tra(pan)

= states that are not convex



pp(y) = ZPAB(ZY, Y)

Example:

Measurements

Outcome set: ¥4

Plz] = pa(z) Vo eXy

Total variation distance
1
lp = glrv = 5 Y Ip(z) - q()]

Given a random outcome sampled from either p or g,
the optimal success probability for guessing whether it
came from p or g is

1
P°P(success) = 5(1 + |lp — q||Tv)

Channels

|~

Tra(w) = Trp(w) =

Outcome set: finite alphabet X

Measure operators: M, € B(H4), forz € &
Axioms for s (Positive Operator Valued
Measure):

M, > 0and ZMQE:IA
xr

P[m] = <Mw’pA> = Tr(szA)

: fix {e;} a basis of H 4 and
set

Mi = |61><€Z|

We have then
Pli] = (ei | pa || €:)

: for a probability vector p, set

M; = pil4

We have then

Pli] = Tr(pilapa) = pi,

independently of p4

(aka nuclear norm or Schatten 1-
norm)

lp—oli=Trlp—ol =) si(p—o0)

(3

[Holevo-Helstrom]
Given either p, or p; (with probability 1/2), the
optimal success probability of guessing "0" or "1"
is
1

+ Zipo - pull
2 4P0 P1ll1



Tranformations of classical states (discrete  Transformations of quantum states (density matrices)
probability measures)

aka classical channels, Markov kernels,

conditional probabilities ®:B(Ha) — B(Hp)

N : R — R®» are
Va,b Ny := (65, N(8,)) > 0 VHR, Vpar [® ®idg](par) >0
Va ZNM“ =1 and
b

Vpa Tr®(pa) =Trpa
Classical channels embed as follows:

en(p) = Y Nyo (zlplz)[y) (yl

For classical maps, Why complete positivity?
positivity <= complete positivity
There exists

P(D(H4)) € D(H5)

that are not completely positive; e.g. the

X— X"
Such maps might not preserve positivity when they act
on subsystems:

[transp ® id](w) # 0

N= Z Nija|b) (el For a linear map ® : A — B, define
ab
Ca =Y |i){(jl ® 2(|i) ()
i,j

Cay = Y Nyjalb) (b @ |a)(al = [([d®®|(dmH4-wa) € B(Ha® Hp)
a,b

1 Ip
Nyo A(X) = Tr(X
b| ‘EB| ( ) I'( )dlmHB
cforme &(2,4) :forU e U(H )
N = Ty Ady(X) = UXU*

A POVM M can be seen as a quantum — classical
channel

Bulp) = Y (Ms,p)z) al

T

N : A — Bis a stoch. matrix <—

®: A — Bis aquantum channel <
Nyg>0and Y Ny, =1
b C@EOaDdTI‘BC@:IA



dim(stoch. matrices) = [X4|(|Zp| — 1) dim(q. channels) = (dim#H 4)?((dimH ) — 1)

Classical channels @ 5 have Kraus operators
® : A — Bis aquantum channel < there exist

Kop = 4/ Nyalb)(al operators
Ki,...,.K.:Hqs— Hp
such that
B(X) = Z K, XK}
=1
and

The minimum r in such a decomposition is called the
of the channel and it is equal to rank Cs

® : A — Bis aquantum channel < there exist an
Given achannel N : A — Bthere exista isometry V' : A — BE such that
deterministic channel D : AE — B and a random

variable Z on E such that ®(X) = Tre(VXV?)

The dimension of the auxiliary space E can be taken to

N(a) = Ezvz [D(a’ z)} be the Kraus rank of ®

Extreme points Extreme points
: A quantum channel ® with Kraus
operators {K;} is extreme iff the set { KK} is linearly
Nb(\{z) = Lo=(a) independent

for some function f: X4 — Xp

Positivity notions for quantum channels

Positive  Block-positive

VX >0 = ®(X)>0 Ve e Ha,yeHp (z2Qy|Cslz®@y) >0

Completely positive  Positive semidefinite

VHr Zsrp>0 — [‘I’@idR](ZAR) >0 Cs >0 — VZEHA®H3<Z|C¢>‘Z> >0

Entanglement-breaking Separable

VHRZ4r > 0 = [‘I’ ® idR](ZAR) € SEP(B, R) Csp € SEP(A,B)

Entropy

Shannon entropy

H(p)=—) pilogp; S(p) = S(A), = — Tr(plogp) = H(A,)



H(p) € [0,log |X]] S(p) € [0,logdim H|
H(p)=0 < p=4di S(p) =0 = p=|z)(z|

I,
dim#H 4

1 1 .
H(p) =log |3 <= p= (E”E) S(p) =logdimH <— p=

Conditional entropy

H(A|B)p = H(AB)p - H(B)p S(A‘B)p = S(AB)p - S(B)P

Is always non-negative Can be negative

Vp  H(A|B), >0 S(A|B)y = S(w) — S(I/2) =0 —1log2 = —1
Kullback-Leibler divergence

Dralpll) = Ypitog 2 Dipl) = T log g
if ker ¢ C ker p and +oo otherwise

Itis and non-negative

Vp,o D(pllo) =0

(DPI): for all quantum channels @,

D(pllo) = D(2(p)[|®(v))

I(A: B)p = S(A)p + S(B)p - S(AB),;

Is always non-negative (sub-additivity)

VouB I(A:B),>0

Equality <= pap=pa®ps
Connection to relative entropy

I(A: B), = D(paBllpa ® pB)

strong sub-additivity follows from DPl —- :VpaBc
Dxw(pascl|lgasc) > 0 S(ABC),+ 8(B), < S(AB), + S(BC),

where

Equivalently in terms of mutual information
o pAB(a'7 b)pBC(ba C)

qapc(a,b,c) := p50) I(A:BC),>I(A:B),

Source coding

A sequence of i.i.d. random variables with common
distribution p € P(%)



(n,m, )
A pair of functions E : ¥* — {0,1}™ and D : {0,1}™ — X"
such that
IP[DOE(X) :X} >1-6
where X = (X4,...,X,) come from a discrete memoryless

source with distribution p

A number R > 0 such that for all n there exists a (n, m,d,)
compression scheme such that

lim ﬂ:R and lim 4§, =0
n—oo N n—00

Consider a discrete memoryless source with distribution p.
Any rate R > H(p) is achievable.
For any sequence of (n, m,,d,) compression schemes with

rate R = limm,/n < H(p), we have lim§, = 1, i.e. the
probability of successful decoding converges to 0.

Proof idea: encode only
A string z € X" is e-typical if

2 MHET) < p(z1) - p(mn) < 27" EHE)7S)

Channel coding

Asequence of tensor powers p®" of a
guantum state p € D(H)

(n,m,9)

A pair of quantum channels
E: B(H®") — B((C*)®™)
D: B(((C2)®m) — B(H®™)

such that (F is the channel fidelity)

F(DoE,p*)>1-6

Same as in the classical case

Consider a discrete quantum memoryless
source associated to a quantum state p € D(H)

Any rate R > H(p) is achievable.

For any sequence of (n, m,, d,,) compression
schemes with rate R = limm, /n < H(p), we
have lim §,, = 1, i.e. the probability of
successful decoding converges to 0.

Proof idea: consider typical strings with
respect to the eigenvalues of p. Encode only
states supported on the

(n,m,d) for N (n,m,?) for
A pair of functions E : {0,1}™ — X7 and An encoding map

D : X% — {0,1}™ such that

Vi € {0,1}™ IP’[DONX"OE(i):i} >1-6

E:{0,1}™ — B(HS")

and a measurement map

D:B(HE") — {0,1}"

such that

vie {0,1}" (D;,®*"(E(i))) >1-6

A number R > 0 such that for all n there existsa Same as in the classical case

(n, my,d,) compression scheme such that

lim 2% — R and lim 4§, =0
n—oo N n—o00

Given an ensemble of quantum states



& ={p(x), ps }zex With states p, € D(H) define

x(€) =8> _p(x)ps) — > _ p(x)S(pa)

zEY zEY

For a channel @ : A — B define

x(@®) = sup x({p(@), ®(p.)}ses)
{p(2),p5}zes

where the supremum is over all ensembles
{p(z), ps }zes With states p, € D(H 4) and all finite
alphabets X

C(N) = the maximum achievable rate for for C(®) = the maximum achievable rate for for
transmitting information using N transmitting classical information using the quantum
channel

C(N)= sup I(A:B)w 1 "
( ) pAEPg)A) ( )pAB C(@) = llm _X(¢® )

n—oo M,

where

pr(a,b) =pa(a)N(bla) € P(X4 x Ep)



